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Hidden structure of the Lifshits tail
We model a single aggregate as an open linear chain of N optically active two-level units (mono-
mers) with parallel transition dipoles which are coupled to each other by dipole-dipole transfer
interactions delocalizing the monomer excitation. Because of that, the chain’s optical excitations









Jnm |n〉〈m| , (1)
where |n〉 denotes the state in which only nth monomer is excited and εn denotes its excitation
energy. The εn are taken at random from uncorrelated Gaussian distributions with the mean ε0 (the
excitation energy of an isolated monomer) and the standard deviation σ . Dipolar transfer interac-
tions Jnm =−J/|n−m|3 (Jnn ≡ 0) are considered non fluctuating. The parameter J represents the
magnitude of the nearest-neighbor transfer interaction. The negative sign of the Jnm is appropriate
for J-aggregates. The exciton energies εν (ν = 1, . . . ,N) and wavefunctions ϕνn (taken to be real)
are obtained by diagonalization of the N×N Hamilton matrix Hnm = 〈n|H|m〉.
Relaxation model
Our model of the exciton relaxation in J-aggregates is based on the observation that the exciton-
vibration coupling in J-aggregates is weak. This is corroborated at least by two facts: (i) the
narrowness of the J-band, which is only a few tens of cm−1 at liquid helium temperature and
becomes several times broader at room temperature, and (ii) the smallness of the fluorescence
Stokes shift of the J-band (see, e.g., Refs.1–3 and4), as opposed to the monomer fluorescence. This
is a clear signature of the fact that the extended nature of the exciton states helps to reduce both
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the static and dynamical fluctuations, the effects known as exchange5 and motional6,7 narrowing,
respectively.
The weakness of the exciton-vibration coupling allows one to calculate the exciton scattering
rates using the perturbation theory. Within the glassy model which ignores correlations in the
displacements of the different sites on the chain the scattering rates are given by (see for details
Ref.8–11)








 n(Eν −Eµ), Eν > Eµ ,1+n(Eµ −Eν), Eν < Eµ . (2)
Here, the constant W0 is a parameter that characterizes the overall strength of the phonon-
assisted exciton scattering rates. S(Eν−Eµ) is the one-phonon spectral density which derives from
the exciton-phonon coupling and the density of phonon states. In particular, within the Debye
model for the density of phonon states, the spectral density is given by S(Eν − Eµ) = (|Eν −
Eµ |/J)3. The sum over sites in Eq. (2) represents the overlap integral of exciton probabilities
for the states |µ〉 and |ν〉. Finally, n(Ω) = [exp(Ω/T )− 1]−1 is the mean occupation number of
a phonon state with energy Ω (the Boltzmann constant is set to unity). Due to the presence of
the factors n(Ω) and 1+ n(Ω), the transition rates meet the principle of detailed balance, Wνµ =
Wµν exp[(Eµ−Eν)/T ], ensuring the Boltzmann equilibrium distribution of excitons in the absence
of the decay. This model of the exciton scattering has been successfully applied to fit a number of
experimental data on spectral and radiative dynamics of molecular J-aggregates.4,12,13
To describe the exciton relaxation, we use the Pauli master equation for the populations Pν of
the exciton states:




(WνµPµ −WµνPν) , (2)
where Rν is a source term, Fν = (∑Nn=1ϕνn)2 is the dimensionless oscillator strength of the ν th ex-
citon state, γν = γ0Fν is its spontaneous emission rate (γ0 being the spontaneous emission constant
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of a monomer).
Inter-segment vs intra-segment relaxation
We have in mind an experiment in which a narrow-band cw laser excitation is used to selectively
excite states in a narrow part of the J-band and set Rν(t) = R0δ (El−Eν), El being the laser energy.













At low temperatures, the case we are mostly interested in, only states with Eν ≤ El are relevant. In
this case the fluorescence spectrum consists of a narrow peak (resonance fluorescence), resulting
from emission of initially excited states, and a red-shifted feature arising from states that are pop-
ulated by relaxation from the initially excited ones.14–16 If the laser frequency lies in the main part
of the absorption band, not too far in the blue wing, the initially excited states are either of the s or
of p-type. To illustrate this, we plotted in Fig. Figure 1 the Ps(E) and Pp(E) energy distributions
together with the absorption spectrum. As is seen from Fig. Figure 1, s-like states form the red tail
of the absorption spectrum, while the p-states appear preferably on the blue tail of the J-band. This
is an important observation for our further analysis.
The radiative relaxation of both s- and p-like states contributes to the resonance fluorescence
with the efficiencies γs(El)Ps(El) and γp(El)Pp(El), respectively, where γs(El) and γp(El) are the
corresponding radiative constants (for a moment we neglect the phonon-assisted relaxation chan-
nel). Therefore, in spite of the fact that typically γp/γs ≈ 0.1,14 the contribution of the "dark"
p-like states to the resonance peak can be comparable to that coming from the optically dominant
s-like states; to implement this, one should excite the fluorescence at the blue tail of the absorption
spectrum where Ps(E) Pp(E).
Furthermore, the phonon-assisted transition of a p-like state to its s partner is much faster than
that between two distant s states; the probability overlap Iµν =∑Nn=1ϕ2µnϕ2νn even for two adjacent
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Figure 1: Energy distributions Ps(E) and Pp(E) of s- and p-like states (solid and dashed curves,
respectively) together with the absorption spectrum A(E) (dotted curve) calculated for the disor-
dered Frenkel chain of 1000 sites at the disorder strength σ = 0.12J. See Ref.14 for details of the
calculation.
s-like states is typically two order of magnitude smaller than that within (sp) doublets;,17 therefore
WspWs′s. This suggests the following scenario of the exciton relaxation. The p-like states relax
to their s partners. After this step has occurred, the s states can relax further to other s states. The
initially excited s-like state can relax only to the states localized on other segments. As the result,
a red-shifted feature arises in the fluorescence spectrum.
We focus on the excitation in the blue tail of the absorption J-band, i.e., in the region where
predominantly p-like state are located. We will also assume that the inter-segment relaxation is
slow as compared to the radiative decay, i.e., Ws′  γs, the condition which is relevant for our
experiments. In this case, the red-shifted band is mostly formed due to the relaxation within (sp)
doublets. Its spectral shape is determined by the product S(EL−E)Psp(EL−E), where Psp(EL−E)
is the conditional probability distribution of the (sp) level spacings.14 Thus, Psp(EL−E) can be
extracted from the red-sifted feature if the spectral density S(EL−E) is known.
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